
An example of digital filter designs to meet a given condition

ButterworthϑΟϧλΛྫʹͱΔͱɺ࣍ nΛదʹબ͠ͳ͍͚ͯ͘ͳ͍ɻn͕খ͚͞
Εಛੑѱ͘ɺn → ∞ͰཧతͳϑΟϧλͱͳΔ͕ʢFig. 1)ɺඞཁͳه͕ແݶͱ
ͳΓɺޮࢉܭམͪΔɻϑΟϧλʔಛੑͷڐ༰ൣғͷࢦఆʹΑΓɺ࠷దͳʢΑΓਖ਼֬ʹ
࠷খͷʣnΛఆΊΔ͜ͱ͕Ͱ͖ΔɻҎԼͰɺجຊͱͳΔ low-pass filterʹ͍ͭͯɺ
Fig. 3Ͱࢦఆ͞ΕΔ̐ͭͷύϥϝλʔʢpass bandͷଳҬ σpͱཚΕ δ1ɺstop bandͷଳҬ
σsཚΕ δ2ʣΛࢦఆͨ͠߹ͷɺΞφϩάɺ͓Αͼͦͷ bilinear tranformʹΑΔσδλϧ
ϑΟϧλΛٻΊΔʢࡈ౻ (1978ʣͰҟͳͬͨࢦఆΛ࠾༻͍ͯ͠ΔͷͰҙʣɻ
̐ͭͷύϥϝλʔΞφϩάϑΟϧλ H(σ)ͰɺҎԼͷΑ͏ʹද͞ΕΔɿ

{
1− δ1 ≤|H(σ) |≤ 1 + δ1 (|σ |≤ σp)

|H(σ) |≤ δ2 (|σ |≥ σs)
(1)

ྫͱͯ͠ɺpassbandωp∆t = 0.2πͰ 1 dBʢσγϕϧʣҎ্ɺstopbandωs∆t = 0.3π

Ͱ 15 dBҎԼͱࢦఆ͢Δɻͭ·Γɺ

20 log10 |Ha(σp) |≥ −1, 20 log10 |Ha(σs) |≤ −15

͕ຬ͖ͨ݅͢Ͱ͋Δʢ͜ͷஈ֊ͰΞφϩάϑΟϧλΛ Ha(σ)ͱ໌هʣɻbilinear trans-

formͰσδλϧϑΟϧλʹରԠͤ͞Δͱɺ͜ͷ݅ҎԼͱͳΔɿ
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ButterworthϑΟϧλ |Ha(σ) |2 = 1/((σ/σc)
2n + 1)ʹೖ͠ɺ্Ͱͷ̎ͭͷ߸ҎԼͱ

ͳΔɿ
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= 100.1, 1 +
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= 101.5 (2)

ΑͬͯɺٻΊΔButterworthϑΟϧλͷ࣍ n

n =
1

2

log10 [(10
1.5 − 1)/(100.1 − 1)]

log10 [tan(0.15π)/ tan(0.1π)]
= 5.30466 (3)

͜ͷͰ߸Λຬ͕ͨ͢ɺnͳͷͰࣜ (3)ΑΓେ͖͘࠷খͷ n = 6͕ϑΟϧλͷ
݅Λຬͨ͢͜ͱͱͳΔɻ͏ҰͭͷϑΟϧλͷύϥϝλ σcɺ্ͷ͔̎ͭΒܾ·Δ͕ɺ
n = 6ͱͨ͠ͷͰҰํ͔͠ຬͨ͞ͳ͍ɻ͜͜Ͱɺࣜ (2)ͷऀޙͷ stop bandଆͷ݅ͷ
ํΛຬͨ͢͢Δͱɺσc∆t = 0.76622ͱͳΔʢҎԼͰ͜ͷΛ αͱ͢هʣɻ
nͱ σcͷ͕ٻ·ͬͨͷͰɺΞφϩάϑΟϧλͷ͔ࣜܗΒ bilinear transformʹΑͬͯɺ

zมͷσδλϧϑΟϧλΛॻ͖Լͤྑ͍ɻҎԼͰɺ͜ͷϑΟϧλͷ۩తͳܗΛࣔ
͢ɻn = 6ͳͷͰΞφϩάϑΟϧλͷࣜܗͱͯ͠ɺ࣍ͷΑ͏ʹͳΔɿ
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͜͜Ͱɺn = 6Ͱɺk = 1, · · · , 6ͳͷͰɺ

θk =
2k − n− 1

2n
π −→ 2k − 7
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π = ± 5

12
π, ± 3

12
π, ± 1

12
π

্ͷࣜͷ σ͔Β bilinear transformΑΓɺσδλϧϑΟϧλͷ zʹΑΔදݱʹม͢Δɻ
ྫ͑ɺͷ࠷ॳͷ̎ͭͷ߲ͷੵҎԼͷΑ͏ʹͳΔɿ
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(1 + z)2
(1− 0.9044z + 0.2155z2)

ಉ༷ʹͯ͠ɺͷΓͷ̎ͯ͠ࢉܭ·ͱΊΔͱɺҎԼͷΑ͏ͳσδλϧϑΟϧλͱ
ͳΔɿ

H(z) =
0.0007378(1 + z)6

(1− 0.9044z + 0.2155z2)(1− 1.0106z + 0.3583z2)(1− 1.2686z + 0.7051z2)

ΊΒΕͨϑΟϧλʢzٻ = eiω∆tʣͰɺ0.2πͰ 0.5632 dBͰɺ0.3πͰͪΐ͏Ͳ 15 dBͱ
ͳ͍ͬͯΔɻऀޙʹ߹ΘͤΔΑ͏ʹύϥϝλʔ σcΛܾΊͨͷͰɺઃఆͱͳͬͨͷʹର
ͯ͠ɺલऀ͕ઃఆͱҟͳ͍ͬͯΔͷવͰ͋Δɻͨͩ͠ɺઃఆͨ͠ 1 dBΑΓ࣮֬ʹ
খ͘͞ͳ͍ͬͯΔʢn = 6ͱຊདྷΑΓେ͖ͳΛ༻͍ͨͨΊʣɻ
ɹ࣮ࡍʹ্ͷܗΑΓɺΛ̏ͭʹҼղͨ͠ z͕̎࣍ͷ༗ཧؔΛ̏ஈ֊Ͱ༻
͍ͨํ͕؆ศͰ͋Δ͠ɺࢉܭͰͷܻམͪͳͲগͳ͘ਖ਼֬Ͱ͋Δɻ

Transformation from a low-pass filter to other kinds of filters

͜͜ͰɺܕݪͱͳΔ low-pass digital filterʢzมͷࣜܗɺz = eiθ∆tͱݩͷपΛ θ

ͱ͢Δʣ͔ΒผͷछྨͷϑΟϧλͷ”rotational transform”Λ؆୯ʹઆ໌͢Δʢີݫͳূ
໌ઐతͳͷͰɺ݁ՌͷΈΛҰ෦Ͱࣔ͢ʣɻͭ·Γɺlow-pass ϑΟϧλ Hl(z)͔Βผ
ͷछྨʢhigh-pass, band-pass, band-stopɺ·ͨผͷपଳͷ low-passͳͲʣͷϑΟ
ϧλHd(Y )ͷมͰɺY ≡ eiω∆tͱ͍͏มΛ༻͍Δɻೋͭͷม z, Y ͷมGɺ͓
ΑͼϑΟϧλͷରԠɺҎԼͷΑ͏ʹఆٛ͢Δɿ

z = G(Y ) or Y = G−1(z) −→ Hd(Y ) = Hl(G
−1(z)) (1)

ࣜ (1)ͷ࠷ॳͷؔɺ̎छྨͷ৽چͷपͰࣔ͢ͱɺ

eiθ∆t =
∣∣G(eiω∆t)

∣∣ exp
(
iarg(G(eiω∆t))

)
−→ θ∆t = arg(G(eiω∆t))
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͜͜Ͱɺෳૉ zฏ໘Ͱ Y ฏ໘Ͱ୯Ґԁ͕ରԠ͢Δ͕ɺθϩۃͳͲͷஔʢҼՌ
ͱؔʣ͕ಉ͡ʹͳΔΑ͏ʹɺzͰͷ୯ҐԁͷྖҬ Y ͷ୯ҐԁʹมʢࣹӨʣ͞
Εͳ͍ͱ͍͚ͳ͍ɻϑΟϧλͱಉ༷ʹɺ͜ͷ݅Λຬͨ͢ม ak, bkʹΑΔ༗ཧؔ
Ͱද͞ΕΔɿ

G(Y ) =

∑
bkY k

1 +
∑

akY k

ূ໌Oppenheim and Schaffer (1975)ͳͲͷઐॻͰࢀর͠ɺ͜͜ͰఱԼΓͰ্ͷ
݅Λຬͨ͢ʹҎԼͷࣜܗͱͳΔɿ

G(Y ) = ±
m∏

k=1

Y − αk

1− αkY
with |αk |< 1 (2)

͜͜Ͱɺมͷύϥϝλʔm,α1,α2, · · · ,αmͰ͋Γɺlow-passϑΟϧλ͔Β֤छϑΟϧ
λͷมͷࡍͷύϥϝλʔͷɺผࢴͷදͷΑ͏ʹͳΔʢදͰେจࣈ Z−1 ͕৽͠
͍ϑΟϧλͷมʹ͋ͨΔʣɻ
Ұྫͱͯ͠ɺݩͷ low-passϑΟϧλʢڥքͷप͕θpʣ͔ Βผͷωpͷपͷ low-pass

ϑΟϧλͷมΛ͑ߟΔɻදΑΓ m = 1 Ͱɺ

α =
sin ((θp − ωp)∆t/2)

sin ((θp + ωp)∆t/2)

Ͱ͋Γɺ৽چͷมʢz, YʣͷมҎԼͷΑ͏ʹͳΔɿ

z = G(Y ) =
Y − α

1− αY
−→ eiθ∆t =

eiω∆t − α

1− αeiω∆t

Αͬͯɺ৽چͷपʢθͱ ωʣҎԼͷؔʹ͋Δʢӈਤࢀরʣɿ

tan(ω∆t) =
(1− α2) sin θ

2α + (1 + α2) cos θ
ɹ

۩ମతͳྫͱͯ͠ɺlow-pass͔Β high-passϑΟϧλͷมΛٻΊͯΈΔɻݩͷϑΟ
ϧλνΣϏγΣϑܕͰ θp∆t = 0.2πͱ͢ΔͱɺҎԼͰ༩͑ΒΕΔɿ

Hl(z) =
0.001836(1 + z)4

(1− 1.5548z + 0.6493z2)(1− 1.4996z + 0.8482z2)

ΊΔٻ high-passϑΟϧλͷڥքͷपΛ ωp∆t = 0.6πͱ͢ΔͱɺมͷදΑΓɺύϥ
ϝλʔҰͭͰ

α = −cos ((θp + ωp)∆t/2)

cos ((θp − ωp)∆t/2)
= −0.38197

ͱͳΔɻݩͷมΛY ͱͯ͠ɺදΑΓσδλϧϑΟϧλHh(z)͕ҎԼͷΑ͏ʹٻΊΒΕΔɿ

Hh(z) = [Hl(Y )]Y=− z+α
1+αz

= [· · · ]Y=− z−0.38197
1−0.38197z

=
0.001836

(
1− z+α

1+αz

)4
[
1 + 1.5548 z+α

1+αz + 0.6493
(

z+α
1+αz

)2] [
1 + 1.4996 z+α

1+αz + 0.8482
(

z+α
1+αz

)2]

ࢠɾʹ (1 + αz)4Λ͔͚ͯɺͦΕͧΕΛ͢ࢉܭΔͱ high-passϑΟϧλ͕ಘΒΕΔɿ

Hk(z) =
0.02426(1− z)4

(1− 1.0416z + 0.4019z2)(1− 0.5561z + 0.7647z2)
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