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yOOw; (:>p) 00000000000 O0OOO
ooooo

uly=0 i=p+l,p+2,---,n (11.36)

gooobooooon
000 «0y0O000O(11.31) 00000

P

y— Az = (4 — Nir))u; + i Yo

i=1 i=p+1
O00000«x0 (11.31)) 00000000000
000 (11.33)0000000000000000
O0o00oOo0ooono

y— Az = Z yiu;
i=p+1
0000000000000 (11.34)00oood
oooooooooo(i3n)yooooooooo
gboooooboooobooon
00« i >p)0000000ADOOODDOO
ooobooooboooobooobooboobooooo
goooo

x=al + Z v,
i=p+1
Joooooooooooooooooooooon
0000020000000 00000000
00 (11.37)000000000oooooooo
0000 000000000000 «'0000
Jodd0bd «0O00000D0DOD0O00O0O0O0OODOOO
gooooooooon
b0 nm,p000000000O0O00O0OO
gooono

(11.37)

(11.38)

0000 (n=m) n=mI000000000
goooooboooooboooooooooon

p=n=m00000000(0000O0O)00O
oooooobooboboboooboooobonoon
A000000000O(11.33) 00 i=n0O000
0000 (11.35) 0

xr=VA Uy

gobooobooobboybO0O00b00O0oooo
0000000000000 (11.3)oooood

00000000000000000000000
00000000000000000000000
00000000000
p<n0000000000000000000
00000000000000000000000
000000000000000 (11.38) 0000
(11.37) 00000000000 (11.36) 0000
00000000000000000000000
00000000000000000000000
0000000000000000 ' 0000

n>mU0U00 n>mO0000000000
gbobobobobobboboobooooooo
gooooooooooboopp=m0O00400on
00000000 (11.38)000oooooooo
00z 00000000000000000000
0000000000000 0O0 (11.38) 0000
gbobOooooooooboobobobooobooon
000000000000 0ooooooo (11.36)
gbooooooooonoogn

n<mUO0O0 §100000000 (10.50)00
goboboooooboooboooobobooobooo
gboooboooooooboooobooooboooo
obobobooooboooobo p=nU0ooon
00000000 (113700000000 ooo
0000 (1138)000oooooooooooo
gbooooooooooboobobooobooboon
oono

ooooo 0000 Ag0OgOoo

(i) AXA=A
(i) XAX =X (11.39)
(i) (AX)T = AX

(

iv) (XA)T =XA

0000000 X0O0000000oooooooo
0000000000AO0O0DDODOOOOOO0O
00000 A'000400000000000
0ooooooo

000000 (1135000000 (11.31) 00
00000000000000000000000
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gbobobobobobooboooooobooDog
(11.31)000oo0o0oooOoooo

AT =V, A'UT (11.40)

0 AD0DOODODOOOOOOOOOO0O00000
00000000000000 (11.39)00 400
0ooooooD0o0O0 X=A'oooooooo
0000000000
Al0DoDoDOoOoOoOoOoO0OO0O0O0O0O0O0O0O0O0O0
A,00000000000000000000O0
000000000000000000000000
00000000000000000000000
00000000000000000000000
00000000000000000000000
00000000000000000000000
00000000000000000000000
0000000000000000000000

0000000000000000000000
000 ¢0000000000000000000
(11.40) 0000000

Al =V, AJ'UT (11.41)

000000AT0OmxnO000000O0000 A

ooboooobooooooooooooboooo

ooooooooooboooooooooooooon
AO0O0O (11290000000

AlA = (VATU(UA V)

D0000¢xpO00 UMU,0w 0000000
00 ¢x¢O0O00D0O000O0p—qO000000
0000000000000000

UlUu,A V] =A VT

ooboobOooooooboooobooooooo
goooooo

(i) AAlA=UAV]
(i) AfAAl= Al (11.42)
(i) AAl=U, U}
(iv) AlA=Vv V]
¢=p00000 (11.29)00000 ())0000 A
000000000 ADDDODOOO0OOg<p

00000 (i) 0@Gv)000 (11.39) 000000
000000D00000000 AlDDO0DOOO0
000000000000000000000

0000000 0OO0OO00oOoOoooooo (11.31)
googoood

zi = Aly (11.43)

goboboooobUbOe0000D000000DOO
(11.31)) 00 0000O0oOO0oooOd

z' =R R,=AlA (11.44)

obooooooooboboooobooooboooon
0000000000« 0000000 200
00 rR,0:00000000000000000
0000« 0000000000 0000 R, 00
ooooooooooooo0od R, 000000
ooooooooo A:;DDDI:II:I (1142) 000

R, =V, V!

000000¢=m000000 R,000000
oooooooo
0200000 y00000

y' = Ax! (11.45)

0000000 (1143) 00000000000

y' =S,y S,=AA] (11.46)

0000S,0000000000y0y 00000
+0 2 0000000000S,00000000
D0 yO0y' 00DD0D000A!DDODOO
0000000 (11.42) 000

S,=U,Ur (11.47)

gobooooobg¢e=n00000000000
gboboboobobodOn>m>p>q0O00
ooos,00000000000000000

o000 (11.31)00000000oooooo
000000 000000000000A200O
gboboooboooboooboyO0ooboobogoo
O0y00000000000OxO0000 (11.43)
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0000000000§1000000000000
000000000000 C,: 0
C,i = AlC,(A)T
oDoooDO0C,0§00000000y0000
opDoooo
000000000 y0OOOOODDOOODOO
i000000 600000 C,06700000

000000000000000 040000
oo

(11.48)

((?xwiijij(jijq“izkj>2oi (11.49)

k=1 j=1
00000000000 wuy, vy 0 wj,v; 0000
ooooooo

wj = [ugj ug; -+ tny]”

oobooOoooboooobooooooooboooo
gobooooboboooobooobbooobooo
gobobooooooobooboboooooooo
goboooboooboboobobooooboooo
oobo0oooboog gboobbooooooo
gooobobooooboobooooboooboooDo

g0 bOobDoOobooboobodo

1 6 11
2 7 12
A=13 8 13
4 9 14
5 10 15

gboboooooooooooboboobong
go

35.127223
A= 2.646397 | O
5.15e-16

ooobooobooobOooboboooboonoDo
gobooobooooboooooboooooboog
gobobOoooboboooobooobobooobooog
p=20000000000

O00g¢g=p=200000000 R,O0000O
oo s, 000o0oo

0.83 0.33 -0.16
0.33 033  0.33
—-0.16 0.33  0.83

Ry =

06 04 02 00 -0.2

04 03 02 0.1 0.0

Sy = 0.2 02 02 0.2 0.2
0.0 01 02 0.2 0.4

-0.2 00 02 04 0.6

U000 R, 0000000DO0DOOODOODOO

0.16 00000 0.16666---000000000O0O

gbobooooooobooobooooooboooo

gobobooboooboooabogaon
ooopooo sioooooooo

1.26 0.84 0.63 0.504
0.84 0.63 0.504 0.42
A= 063 0504 042 0.36
0.504 042 036 0.315
042 036 0315 0.28

gobobooaobooabood

2.5582006
0.1799580
6.2085986¢e-3
9.9670848e-5

000000000000000 (p=4)00000
Kk =2.6x10*

0000000000000 o0ooooo ATADO
00000o0O0OoO7x1020000000000
oboooooboooooboboooooon
oooooboooobbooboodd g=p=400
goboooboooboooboboobooobooo
gobooobooooboooobobooobooooo
ooooooOooooooo s, 00000000
oboooooboooooo

Si=
0.99982 0.00211 —0.00739  0.00986 —0.00444
0.97465  0.08873 —0.11831  0.05324
0.68944  0.41408 —0.18634
0.44789  0.24845
0.88820

§100000

x=[1/2,1/3,1/4, 1/5]"
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00000000 y=Az00000000000 00000000000000000000000
D00000 U0 VOOOOOO000o0A,00 0000

T
Dob='00D0Uoooouooood gooboobooooooobooobooooo
obobooooooobobobobooobooo

0-50000119 DO00000D00000000000000
¢ | 0.33332490 0000000000 00000000000
L= 025001625 DO0000D000000000000000

gooooobooooogoo
0.19999081

good
gboboboooboboooobobobobg

oo000ooo0O0ooooooOoooooooo Lanczos, C. (1961) : Linear Differential Operators,
O000O00o0000O0o0o0O0bOo0oOooooon Van Nostrand.
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12 JUOo0ooboogoaa

ooboooooooooboobooobooooon
0000000 (Do)ooooooooo (Do)
goboooboobboooboooooboooo
oooooooooooboooboobooooooo
gbooobooboooobooboooobooooono

ooboooboooboooboooboooon
gobooobooobooobooooboboboooo
O00000o0oo0ooOoo 1/ljcooooooood
obooooooobobo3obobooooonoog
ooooooo

gboooobooboboooooboooooo
oobooooboooooooboboooboooooo
gobooooboooboooooooooobooo

googbooobooboooboboooboooboag

KnuthOOOOOOO TgXOOOOOOOO
goobobooobbooobboooboobo
00 The Art of Computer Programming’ O
oooooooooOooooooooooog
goobobooobobooobboooboobo
00000 (ooooooo)o

TEXOOOOOODO0OooOooooo pC9sol O
OO0 MicroTRX OODODODODODODO

000 (straight insertion) 000000000
gogbogobooboobooobboooboon
00000000r00000 a(1),a(2),---,a(n)0
OoooooooooooobooDooOObO k00000
00000000000000 a(l),a(2),--,ak)
gooooooo

00000000000000000 a(k+1)000
00000000000000000000000
00000000a(k)>a(k+1) 00000000
000000 a(k+2)0000000a(k) < a(k+1)
00 a(k)0 a(k+1) 0000000000 a(k—1)
0ae(k+1)0000000000000000000
00000000000000000000000
00000000 a(k+1)00000000000
00000000000000000000000

do k=1, n-1
ak=a(k+1)
do i=k, 1, -1

if( a(i).1lt.ak )
a(i+1) = a(di)

else

then

goto 1
endif
enddo
1 a(i+l)=ak
enddo

gboooooao

ooooooDoOOoOooobOoDOobOoO0 k0O
O0o0o0o0o0oooOooOooooUoU k/2

oooDOoooOooooooon
—1

3

-

L o

1
= Jn(n—1) ~ n (12.1)

x>

=1
00D00r010000000000010000000
00000000000000000000000
00000000000000000000000
000O0r010000000000000000
0000000000000000000a(k+1)
Oa(1)0 (k) 0000000000000000
00000000000000000000000
00

1
a(l) mmmm:k%

00000000/ 0000000000000
a(l) > a(k+1) 000000 o) 0 a(k) 000
00000000000000000000000
00000000000000 o(k+1)00000
0oooooooo

00000000 log, k00000000000
oooo

n—1

Z log, k = logy(n — 1)!
k=1

gooobooooobbbobbbbooobooog
oo

logy(n — 1)! ~ nlog,n

00000000 n=10*=20000n%/40
0000000000 210000000000
00000000000 000000D00000O
00D00000DD0oo
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do k=1, n-1
ak=a(k+1)
if( a(k).ge.ak )
if( a(1).1t.ak )

i=1

goto 3
then

else
il=1
ir=k
1 i=(il+ir+1)/2
if( i.eq.ir )
if( a(i).gt.ak )

il=i

goto 2
then

else
ir=i
endif
goto 1
endif
2 do j=k, i, -1
a(j+1)=a(j)
enddo
a(i)=ak
3 enddo

gbooobooaooad

gobd bOoboobooobobobobooobg
gooboooobobooboooboooooo
O»¥?20000000000000000000
ugbooaboaaogagod

000 e(y) D00DO0O0O0O0OOOOOOOO
goooog

000000000000000000 (i) >
a(i+1) 000000000000000000
000000000000000000000
a(1),a(2),a(3),---00000000000000
00000000000000000
000000000000000 700000
000000000000

a(l) > a(np+1) > a(2np+1) > ---
a(2) > a(ng+2) > a(2n,+2) > -+

a(ng) > a(2ng) > a(3ng) > ---

gbgbobobobooboboobooobooooo
gbodbOn, 00000 1000000O00O0DOO0O
gboooood

3F—1
ne =
4§ 2
oOooo
ni=1 mngp1 =3n,+1 (12.2)

Ub0o0obooobooobdOn>n, 000000 nyg
gobobboobooaoboobooobooooba

nk=1
do k=1, n
nk=3*nk+1
if( nk.gt.n ) goto 1
enddo
1 nk=nk/3
if( nk.le.0 )

do i=nk+1, n

return

ai=a(i)
do j=i, nk+1l, -nk
if( a(j-nk).lt.ai )
a(j)=a(j-nk)

then

else
goto 2
endif
enddo
2 a(jl=ai
enddo

goto 1

ogooo

goboood oOoobooooobobooooobooooo
gbooooooooooboobobooobooon
O (heap) 000000000 OOOOOOOODOO
oood

a(i/2) < a(i)

0000000000000000 /200000
00 (D000oooooo0)0ooooooooo
obooooboooooooboooo

1<i<n (12.3)



12. 0D0O0O0DOOO0DOO0O0

0000000000000 O0DOOOe(HO
a(2),e(3) 00000 (D000ODO0ODOOOOO)O
a(2)0 a(4),a(5)000000a(3)0 a(6),a(7) O
00000000 o(2)0 «3) 000000000
obdbOobob0oobouobooobouobooooog
gobogobooboooboo200b0o0n
gboobobobooboooooo 200004
goooooon
goboooobbooobboobboooobn
O000e(1)00000000000 o(n) 0000
00000 o1)000 (123) 000000000
0 a(2)0 «(3) 000000000 o(1)0000
000000000 «3)000000000 a(6)
0e(7)00000«@3)000000000000
0000000000 0o0000 e(n)DOOOO
obodobobooboobooooobooooboonog
gboobooobboobbooobobboon
00000000000 00000O0 «(1)00OO
obodbobobobobooboobooooboonog
00000 e(n—1)00000O00O00O0OOOOO
0000000000 00o00ooO0 e(1)0Ooo
O0000000000an) 000000000
ooooboooboobooo
goooooooooobobbbobbobobbo
n=150000000000a(14) 0 a(15) 00
0000000 o7) 0000000000 a(7) 0
0000000 a(12),a(13),e(6) 00000000
Oae6) 000000000 OO0OOOOOOO
000000000o0o0o0ooooooo (12.3)00
0000000000 o3)00000 a(6),a(7) O
O00O0OUe(3) 0000000000000 OO0
000000 o7) 00000000 a(3) 0 a(7) 0
0000000000000000000 a(7) C
a(14),6(15)00000000000000000
obodbobobOobobobobooooooog

ooboooobooooboooboboooobooooo
gboboooooboooboooobobooobooo
oboboooooboooooooon

nlogyn (12.4)

ooog

oobooobooooooboooboooboooo
goooooooboobooooooooooboooboon
goboooboooobooooboooooboobooon
ooog

il=n/2+1

ir=n

if( il.gt.1 )
il=il-1

then

ai=a(il)
else
ai=a(ir)
a(ir)=a(1)
ir=ir-1
if( ir.eq.1 ) then
a(1)=ai
return
endif
endif
i=il
j=2%il
2 if( j.gt.ir )
if( j.1t.ir .and. a(j).gt.a(j+1) )
S
if( ai.gt.a(j) )
a(i)=a(j)

i=j

goto 3

then

J=2%]
else
j=ir+1
endif
goto 2
3 a(i)=ai

goto 1

obooooog
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Fortran 000 0O0D0OODODOOOOOOOO
jd0do0oDo00doooooooooooo
0J0o00o0oOoooooooooooo co
Jo000000o0bOOo0Ooooooooooo
joo0oO0oo0ooocooooooonono
000000000Oford doO break 00O 0O
J0000000D0O0o0O0ooooooooo
0000 Fortran OO0 O O00O0OO0OODOODOO
Joo000000DOoDoDOoooooooooo
00 Fortran OO OOODODOOOODOOO

0000000 0O000000000000O00
O0000000000000000 000000
O00000002z0000000000 a(i)>2
00000z:0000000000 a(f)<z000
000000000000000000000 yO
000 (i) >y 00000 a(j)<2000000
D0000000000000000000000
0000000000000 0000000000
00000000000000000000000
00O

(8,10,7,9) > (5,3,7) > (1,3,0,2)

00000000000 D0000OO00oOOooono
00000000000000000000000
000000000 10000000000000
000000000000000O0

00000000000 00000000000
000 00000000040 1000000
00000 a(i)<2z0000000000000O0
00000 j0~.00 100000000000
a(j)>200000000000e(#) 000000
0000000000000 00a()000000
000000000000 00000000O0o0on
0000;00000;000000000000
0000000000000000000 2000
0ooooooo

0000000000000000000000
000000000000000 2log,nO0000
000000000000 nR=108=2200000
000004000000000000000000

0000000000000 000000000
00000000000 000000o0ooooo
00000000000000000000000
Numerical Recipesin CO0 00000000000
ooooooo

ir=n
il=1
is=0
1 if( ir-il.1t.m ) then
do j=il+1, ir
aj=a(j)
do i=j-1, il, -1
if( a(i).ge.aj ) goto
a(i+1l)=a(i)
enddo
i=il-1

2 a(i+1)=aj

enddo

if( is.eq.0 ) return

ir= istck(is)

il=istck(is-1)

is=is-2

else

k=(il+ir)/2

tmp=a (k)

a(k)=a(il+1)

a(il+1)=tmp

if( a(il+1).1t.a(ir) ) then
tmp=a(il+1)
a(il+1)=a(ir)
a(ir)=tmp

endif

if( a(il).1lt.a(ir) ) then
tmp=a(il)
a(il)=a(ir)
a(ir)=tmp

endif

if( a(il+1).1t.a(il) ) then
tmp=a(il+1)
a(il+1)=a(il)
a(il)=tmp

endif

i=il+1

j=ir

aj=a(il)

3 do k=il+1l, ir

if( a(i).1lt.aj ) goto 4

i=i+l
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enddo
4 do k=il+l, ir
if( a(j).gt.aj )
3=3-1
enddo
5 if( j.ge.1)
tmp=a(i)

goto 5

then

a(i)=a(j)
a(j)=tmp
goto 3
endif
a(il)=a(j)
a(jl=aj
is=is+2
if( is.gt.nstck ) then
write(6,*) ‘’stack full’
return
endif
if( ir-i+l.ge.j-1 ) then
istck(is)=ir
istck(is-1)=i
ir=j-1
else
istck(is)=j-1
istck(is-1)=il
il=i
endif
endif

goto 1

ooooooo
OO0 istckDO00D00O00OO0DOOOOODOO
OO0000000nstckO00DOOOOODOOOO
OO0O0O0OO0OoOOoOnstckODDDOBOOODOOOO
ubobobooboobooooob mOOO0OOO
gobobOoooboooobooooobOombOOO
nooooooooooan

o0mUOiOOOO0O0O0 OO0O0OO0OO0OO00O00O0
oo ooOooOoOobOobOOoOoOoOoooDbOoDOd
gbooooooossgbooooooooooog
goboboooobooobooboobooooboooo
g3oooooobooooobooooon

U0 000000000000 mO0000O
gbobobdbdOmknboobooboooono
oboboooboooooooboooooooboon
oobooooooooooooboDbo

do k=1, n-1
ak=a(k+1)
kx=min(k, m)
do i=kx, 1, -1
if( a(i).1lt.ak )
a(i+1)=a(i)

else

then

goto 1
endif
enddo
i=0
1 a(i+1)=ak

enddo

Ub0mO0O00000n0
goboboboaobooaobooboooboooobabo

goboodooooooooobooooooon
goboobowoeodooboooooooon
oo 3oooooooooobooooboooo

gboooooono ooooboboboboo
O0 e O00000000O0ODODO0O0O0ODOOOO
gbobobooooobooooobooobooooboon
gbbooboobooboboooboooooooon
gbogboobooopoboooooooooooog
gboboooboooboobooobooobooo
oob0oooooooooobooooooooon
gbobdoboobgboboboboooogan
gobobooboooboobgoon

i |1 2 3 4 5
a(i) |45 68 93 70 50
indz(i) | 3 4 2 5 1
indz(i)) 0000 0000000000000
000000000000 1000000000 30
000 20000000000 40---0000
00000000000000000 indz(i) =1
00000000 (@) 000000000000
a(i) 0000 indz(s) 0000000000000
00000 indz(;) 000000000000000
0000000000000000000000
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do i=1, n
indx(i)=1

enddo

nk=1

do k=1, n
nk=3*nk+1
if( nk.gt.n )

enddo

1 do k=1, n

nk=nk/3
if( nk.le.0 )

do i=nk+l, n

goto 1

return

ai=a(indx(i))
ia=indx (i)
do j=i, nk+1l, -nk
if( a(indx(j-nk)).1lt.ai )
* then
indx (j)=indx (j-nk)
else
goto 2
endif
enddo
2 indx(j)=ia
enddo
enddo

oboooooboooooon
oobooobooooooboooooboooooo
oobooooboooobboobobooogoooog
gobooobobooobooooboooooo
ooboooboooooooobooboooboooo

googn

oobooo bOooobooooooooooon
gobooooooobooooboobooooboooo
gbogbgobgobdn=10000 n=50000000
gbobooboooooobooboooobooo
oboooog

mRN n=1000 n=>5000 | OO
Insertion 247,286 6,180,687 10
Shell 19,230 136,715 | 20
Heap 12,068 72,063 | 30
Quick 8,452 50,699 | 70

000000000000000R%/400000

00000000000000 »¥20000000
00000 nlog,n 0000000D000O0OOO
0000000 »x"' 0000000000000
000000000000 0000000000
00000000000 000000000000
00000O00oO0o0oOooooo

oboooboobobooobooooooooooa
n=10,000000000000000000A0
goooobooooooooooooboobooon
ooboooooboooooooboooooooon
oooooOopCcObOOOOOOOOOOOO
goboooobooooooobooooooon
ooboooboooobooooooooboobooon
gobooooboooooboooooooooo

gbgboboobobbobooooooood
ooooobooloooboobooooboogo oo
gboooobooobooboboooobooon
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13 0JU0o0oobod 200

oooooooooooooobooooooooo
gboooboooboobob «00000000 U
gobooboooobboooooboooooo
oobooooOooooboooboooooooo
ooboooooooboboobobooobooooo
oobooboooboooboooobooobbooog
gooooOoboooooon

oobobO oOoooobooooobOooooboooo
oobOoooobooooboooboooboooooo
goboooboboooobboooboooboooog
Oz; 00000000000 z;_, 000 w,OO
ooboooboooboooooooooooooon
oooooooooo gy O

M
Yi = E WgTj—k
k=—M

obob0obw, 000000000000 00O0
odooodooooooo z, 00gooodo
y, 00 000000000000000

i wjzl

oo
000000000000000

00 (13.1)00000000000000000
0y 0000000 w,,0000000 ;000
00000000000000000000000
2;0 (91) 0000 Y|zl <o 0ODODOODOO
00000000000000000

oo

> Jal — o0

j=—o0
oopDo0ooOoboooOoobgsoooooo
ooooooooo
0000000 (13.1)00oooouoooooo
obooooOoboooooboooooobooon

(13.1)

(13.2)

L — e Ww
T;=c¢€

0000000000 (9.1)00000000000
w0 $§0000000000000000000
000000 (13.1)000

yj = § wkefz(]fk)w — ¢~ Uw 2 wkezkw
k k

goboboooboooboooon

_ y]A _ wkezkw — W(w)
k

— 2 13.
oo T; (13.3)

oooo0oo0oooo0wW(w)0O w; 00000
gobooooboooooboooboooobobooo
goooon

w; 00000 W(w)OODOOOOODOOOODO
oboboooooboooooooon

W(w) = [W(w)]e*™ (13.4)

ggodoboboboooooobbo
gy = W)=

00000000000000000 [Ww)|0O
000000 ¢w)00000000000000
oooo

(13.5)

0000000000000 (phase delay time) O
0007 00000000000 AtDO0OO

Ud0d Ooo0oooooooodz; 00000
gbobooobooooboooooboooobooo
ooboooboboooobeebo0onoboOoOoOon
OD0w; 00000000 00000000 w; 0O
goo

(13.6)

U),j = ’U)j

oooooo0Ow; 00000000

W(w) = Z wjeij”:woqLQijcosjw
j=—o0 i=1
0000000000 o0 0000 (DODODO
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T=—00

r(r+1—-k)a

=2 ol
; “’kz (t+1—k

T

X [Z a(l)e™!

l

(l)ein

zw(‘rJrlfk)

Pe(w)OnxnDO00 re(r) 0000000000
0000000 nxn000000000 a(k)O
0oooooo

M .
= Z a(k)ek

k=0

(14.60)

11

gobobooobooo

Pe(w) = AW)P(@)A" ()

O000PW) D 4,;000000000 ry(r)0
000000000000000000000000
00000000000000000000000
000000 ¢(+)000000000000000

(14.61)

’I”g(T):O 7’7&0

0oooo
P¢(w) = 1¢(0) = o¢

000000000 (1461)00 Pw)OOOODO
oo

Pw)=A"(w)of[A"(w)]"! (14.62)

0ooooo

000000000000000 ry(r)0000
000000 (14.58) 000 a(k) 0000 (14.59)
00000000 6200000000 (14.60) O
0000000000 (14.62)000000000
00 P(wOOOOOOPw)O0OOODO00OO
000000000000000000000000

000000000000000 0000000
0 Pw)00000000000 (14.58) 00 a(k)
0D0(1459)00 ¢200000000000000
00

[a(0)a(1) -

0000000000[]0000000 M+10
0000000000000000000Onxn
000000000 nxnO0O0O00000 Ry O
(1443)0000000000000000000
0000 r(r)00000rxn000 r(r)0000
00000000000 (1444000000000
(1463)0000000000 mO0O00

a(M)|Ry = [070 -+ 0] (14.63)

[a(0) am(1) @ (m)| Ry = [, 0 -+ 0]
by (m) b (1) by (0)]R,, =[0--- 08,,]
a;,(0) =b,(0) =1, (14.64)
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00000 @ (k), am, by(k), 8,,00000000
000m=0000000

ao =7(0) =B,

0000

an(k)000 mO0O0000000000ay, O
0000000000000000 by(k)000
00000000000000000000000
8,000000000000000000000
00010000000 by(k) =an(k)00000
00000000000000000000000
00000000000000000000000
000000000000000000000000

(1464)000000000000000000

[a’m(o) a’m(l) e a’m(m) O]Rm+1

=[am0---0%,,] (14.65)
(061, (m) -+ by (1) b (0)] Rt
=[0,0---08,,] (14.66)

0000000000000000000000
00000000000000000000 Ry
00000000000000000000000
0000000(1465 00000 m+10000
(1466) 00000 m+10000 (14.64) 000
0000000000000

m

Yo = 3 an(k)r(m — k+1)
k=0

Om =Y bu(k)r(k—m—1)

k=0

(14.67)

0oooooo

(14.65) 00 (1466) 000000000000
0000 (1464) 000000000000000
an(k)0000000000 (14.66)000000
000w, 0000 (1465 00000000000
0000000000000, +u,300000
00000000 (14.64)000000000000

good
’77n + Um,B,m = O (1468)

oo, 00000000000 uw,, 0000
ooboooboooobodn0OO0OO0D0O0OO00O0nO

12

00000000 w, 00000000 w, 300
0000000 (1464) 00000 mO m+10
0000000000000000 mOO000O
0000 amir(k) O

ami1(k) = am(k) + by (m —k+1)
k=1~m

amii(m+1)=un, (14.69)

AOpypt+1 = Oy + um(sm

O00000000000000000 @m41(k)00
00000000000 0O0000O by,+(k)0O
0000000000000 0oooooo (14.65)
O0nxnUO00w, 0000 (1466)00000
gobobooboobooboobooobo

Oy +vo, =0 (14.70)

00 v, 0000by,e(k) O

bit1(k) = by (k) + vam(m+1—k)
k=1~m

b1 (m +1) = vy, (14.71)

IBm+1 = lgm + VUmYm

goboddobm=000000000O0O0000O
ooooooo0om=1, 2,---, M—10000O
oooog

o, 04, 000000000000000000
gbooooboobooooooooo

B =B
gobooooooboooooboooobooo
ooo 06, 00000000000000DO
I Y2 I ' PO
0000000000(146900(14.71) 0000
ugood uw,Uvw,, OOOOOO

o = oy, (14.72)

Ayl = Oy — 7m/8;116m
ﬁerl = /6m - 6ma;117m

0000000000 oy, O
* * —1\% _ %
am-‘rl =Qy, — 5:n(18m ) Ym

oobooooooo a0 6, 000000000
o, 0000000000

O =5, (14.73)
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O0000000000000000000 (14.72)0 +n(n+ 1)+ 2n’m (14.74)

(14.73) 0000000000000 000OOO

goooo 0000000000 NDOOOOz#)DOOOOn
goboboboobooooooooonoood 00000000|e,| 000000 o, 0000

(AIC) O 00001000000000 o, 0000000

AIC,, = N(nlog2m + log|a,| +n) oo
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15 0oooobgogod

10000000 0000
dy

obooooOoboooooobooon

(15.1)

0000000000000o0o0ooooooog
ooooooooooog
Tptl =Tp +h

Yn+1 = y(xn-i-l)

fn = f(Tn,yn)

gobobobono obobobooooobobg
gooobooooon

dy

dr = f1($7y172/2)
d
T2 = Ralwyn ) (15.2)
00000000000 000
y_l?h] f—[fll (15.3)
Yo fo
000000000000000 (15.2) 0
dy
—_— = 1 .4
T f(z,y) (15.4)

00000000o0oUo (15.1)00000o00
gooooo

00000000 0000000000000
2
%%=f@ww3
Ooooo0oooo
dy
T iz
00000000000000000000000
oo

uBn=vy Y2

d |y | _ ooy) = Yo
dxl?!z] Fov) [f(%yhyz)]

oboooooboooboobbon00D0000
Udb0n~0000000 100000000000
ooooooooon

0000000000000UO0oooo (15.4)
gobooooooboboooobobooobooo
000000ooUoOooooo (1s.)ooooo
goboobooooboooooooboboooobobooo
gbooooboooboood

ooooooOd y(z,+hO00000O0OOOO
dy 1, (d%
nth)=vy,+h|— —h* | —=
Y(@n +h) =yn+ (dx)n+2 <dx2 n
1 d3y
—_p3 =2
+3! (da:3)n+

gboooobooobonbO ez, 0000000000
000000O0OUooooOooo (1s.)yoooooo

(15.5)

dy _

&E—ﬂaw

*y df dy _

@2 g Jethigy =kt (156)
d3

T = Fea 2t + fuoby+ 2+ ff?

oooofo0de«,y00000O0O0O0O0OOOOO
O00000000000o0ooooO (155000
goood ez, 0000 y000y,4+, 000000
000000000 f(x,y) DOOOODOOOOO
gobgbobooboooboobuoobooobobo

0000000 (155) 000000000000
oo

Yn+1 = Yn + hf(xnvyn) (157)

gboboooobooobooooobooobooooo
oboooogooooon

0oo00-000000000 gy, =y(x,) OOOO
0000000z, 0000 y(2) 0O ypyr O

Ynt+1 = Yn +11k1 + Y2k2 (15.8)
kl = hf(xna yn)

ko = hf(xy, + ah,y, + Bk1)

00000000000y, 000000000
0000000 (155)0(15.6) 000

Y1 = o+ hS 4 SH e+ fyf) + O(R)
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o000 f000000 (za,y,) 00000000
OO000D00kKRDOO00DO

ks = hf + h*(af, + Bfyf) + O(h®)

00000o0O (1k8)D00oooooooood
0000 AR2O0D000000000OO

Mmtrr=1
1

6= (15.9)

1
720125

000000000000 o, 8,7,y 0000
00000000000000000000000
(15.6) 0000000 AO000000000000
00000000000000000000000
0000 (158)0000000000000000
00000 200000000 (15900000
000000000000 f(z,y) 0200000
O00AD200000000000000000
00020 200000000
(15.9)000 o =400000 4000000
00003000000000000 00000
000000000000000000000

1 1
ynsr =y + (1= o)k + -k (15.10)

2a 2a
kl = hf(xnayn)

ko = hf(xn + ah,y, + aky)

a=10000000 (Hewn) JOOD0a=1/20
00000000000000000
000200000000000 p0000

p
Uni1 = Yn + D ik
i=1
i—1

k; = hf(.’L‘n + ah, yn + Zﬁijkj) (15.11)
j=1
1= 17 27 P

000000000000 o, Bij,% 000000
00 (15.6) 00000000 p000000000
00000000000000000000000
00000000000000000000000
00000000000000

O00-0000 40 (p=4) 00000000
obob040000000000000002000

gbobobobobobobobooooooo
g-oboobooboobooooogon

1
Yn+1 = Yn + é(kl + 2ko + 2k3 + k4) + O(h5)
kl = hf T, yn)

(
(

2
1 1
ky=hf(xn+ h,yn +k3)

000000000000000000000f(z,y)
000y0O0000000AKODOO0O0OO0OO0O00O0
00000000000000 00000000
000 @p, 2, +h 0000 2, +A/2000000
ooog

0000000000000000000000
0000 2000000000000000000
000000000000 f(s,y) 0000000
00000000000000000000000
00 A/2000000000000000000
00000000000000 A/20000000
O0hy/2,h1/2,ho/2,he/2,---000000000
0oooooooog

000 f(z,y)0 yOOODODOOOOOOOODO
(15.1) 00

dy
%*f(x)

O0oooogoogoo
y(w):yn—i—/ f(z)dx

goboooooobooooooooooooao
oo

et = o+ o [F@n) +4F @t h/2) + f(onsn)]

000000000 (15.12)00 ke =ksODOOO
gbooboo-oooboooboobooooboooooo
goooo

0000000000000 (154) 000000
Oo0ooooooyofo0Oooooooooon
000k 00000000O0
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(15.12) 0000000000000 0DO0O0OD
gbooooooooobooooboobooboooon
0000000000000 kO A* 0000
gooooobooooooooooooooon
gboooobooooooooooooooDn
gboooobooooooooooooooon
gooooooooooooooooooon
goooooo

Ooo0o-000-000 000000000000
o-000ooooo0ooooooooooooooo
goooooooooooooao
kl = h.f(xnayn)
1
21 =Yn + (§k1 - (]0)
1 1
a1 QO+3(21 %) 5k
1
ko = h(l‘n + §h, Zl)
2y = 21 + 72k — q1)
g2 = q1 + 372(ka — q1) — 2ke
1
ks = hf(z, + §h722)
z3 = 22+ 73(k3 — q2)

(15.13)

q3 = q2 + 3v3(k3 — q2) — v3k3

ka = hf (2 + Dy 2)
1.1
n = ——k—
Yn+1 Zs+3(2 4 qg)

1 1
qa = g3+ (§k4 —q3) — 5k4

goo
o LY 999803
REIT R T axvE
1 24++2
=14+ —== — 1.70710- - -
B V2 2

UdbOgUboOooboooboobobooong
Ub0O0ob00bO0b0O0obO0oDbO0ObD g0 00000gq
oo0ob0ooboOg g OO0b00bO0b00ob0bonoo
ooboooobobbooooooooooboog
oboooboooobooboo

q1 = k1 — 2qo

oooooooobooboooooooooooooon

ooo-0b0000o0ob-0bO00-0000400
goboooboooboogsbooboooooo
ooooodbD RO 1000000C0O0ODOODOO

gd
yi(x + h) =y(x + h) + ch® + O(h%)

000000000000 ylze+h)O00O0O0cO
oo0000000 200 z+2p000000 2RO
10000000000000 y(x+2k)0000
RO200000000000 yo(z+2h) 000
gbooooboooboooo

y1(x + 2h) = y(x + 2h) + ¢(2h)° + O(hY)
ya(z + 2h) = y(z + 2h) + 2¢h® + O(h®)

ooooobo 2000000000000 2000
000000000000 00AO00DO000D0DO

y@+mw=w@+mw+%+om%(mm)

0 = yo(x + 2h) — y1(x + 2h)

gooooboboboobobooobo 40000000
oobooobooooobooooobooooboboooo
ooooooo0s0O0O0OoOoOoOooooooon
gbobobooooooboooboobboooboooo
ooo

00000000 000-0000 (15.12)000
0-000-000 (15.13) 00000 40 (p=4)4
00000000000000000000000
0000 (15.11)00 p=6000 60000

6
Yni1=Yn+ »_7iki + O(h®)

i=1
i—1

k; = hf(l‘n + aih,yn + Z ﬁi]‘k‘j) (15.15)

j=1

i=1,2,---.6

obooooboosobobooobooobobnopO
400000 p00DbOO0OO0ODLOOOOp—-—1000
gboboobo p—-200000000000000
gbooooooboobobobooen0noooOog s
gboooosboboobooboboobooo40000
40000000000 000DOO00OODOOO
oooD4000000000D000

6
Ynt1 = Yn + Z%*kz +O(h?)

i=1

(15.16)
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ooooooood«0ooo00000O 400
ooooboooooooooy,,,0oo0oooo
oono

0000000000 0000000y -4 0
0ooooooo

0= Ynt1 —Yppr = D (i =)k (15.17)
Q; Bij i Vi =i
0 16/135 1/360
1/4 1/4 0 0
3/8 8/32 9/32 6656/12825 —128/4275
12/13 | 1932/2197 —7200/2197  7296/2197 28561/56430 | —2197/75240
1 439/216 -8 3680/513 —845/4104 —9/50 1/50
1/2 —8/27 2 —3544/2365  1859/4104 —11/40 2/55 2/55

Table 15.1 Fehlberg OO0 00O

goooboooobooboboboooboooon
O0f(x,y) DOO0O0O 000000000000
O0000O0oooo f(e,y)DOODOODOOOOOOO
goboooboooboooboboooboooo
oobo0O0o0oooboooobooO0obOFig 151
obooobooobooboobe00ObOODOO
ooboooobooobooooboooobooag
0000000 Cash-KarpOOOOOOOQOOOO

gooooooooooobooooooooooon

Fig. 15.1 00 o, 00000 OO Fehlberg O
0 0 O Cash-Karp O

a; Bij Vi Vi — v

0 37/378 —277/64512
1/5 1/5 0 0
3/10 3/40 9/40 250/621 6925/370944
3/5 3/10 ~9/10 6/5 125/594 | —6925,/202752

1 ~11/54 5/2 —70/27 35/27 0 277/14336
7/8 | 1631/55296 175/512 575/13824 44275/110592 253/4096 | 512/1771 277/7084

Table 15.2 Cash-Karp OO OO0

00000000 (1514)0(15.17) 00 6000
00 A0000000000000000000

§ =ch® (15.18)

oooobooooon

000y, 00000000 O 00OCODOOO
oo

0 < g

goboobooodboy,, 00000000000
gooooooby, 0000000000000
oooooboooboofe,( 00 2,4 0000



15, 0O0O00OO0O0o0Ooao

ooooboobooob aAOO0ObbOOO0OODOOO
ooooooo e ODO0ODOODOOOODOOOO
oooooo épUuoooooog

(50 = Chg

D00000(1518)00000 ¢c00000000
000000000 hyODOOD
hozh(@)us 5 < 8
5
goooooooooooo
0006>60000000000000000
0000 y,,, 00000000000000000
00000 ,00000000000000000
000000000000 hy 0000 0y(z,+h)
000000000000

(15.19)

(51 = Chi’

000000000000000 6000000
00k 000000000000000006 0
w1 00000000000000000000
O0h 02,00 2,+h00000000 h/hy O
0000000000000 2, +A000000
06 x(h/k) 0000000006 000000
00000 A DO00000000000

hil(sl = Chh? = (50

cOODOO0OO

h1:h<%)U4 5> 8

(15.20)
0ooooo

(15.19)00 hy0O0OD0D0000000000
0000000(15.20)00 /000000000
000000000000000 y(za+h)000
00000000000000000000000

gooboo9onooboooooboonog

O000-0000 00000000 y(z,+h)0O
00000 y(z,) OOOOOOOOOOODOOOO
0000000000 (self-starting) 000000
Oooooooobo arbODOODOOODOOOOOOO
oboobooobooobobooooboooooo
oboooobOooobooooboooboooo
oooooooono

00000000000 00000000y, O
0000D00000000yn_1,Yn_s,---0000
0000000 f(z,y) 000 for, fa_z, - 00
00000000000000000000000
00000000000000

0oOoOoO0 (151)0000000000

Tn+1
Yn+1 = Yn +/ f(x7y)dx
T

n

0000f(z,y) 0000000000 ADO0O0O0O
00000 fu, fo1,---00000000000-
000000000000 (0)00000ooon
000y, 00000000000000040
0000D0-00000000000

h
Yn+1 = Yn + ﬂ(55fn - 59fn—1

+37fn—2 —9fa—3) + O(R°)  (15.21)

ooboooooooboooboooooooooo
1 0000000 0o0o0oooooogoooo
gbooooo-oboooobo

h
Yn+1l = Yn + 2% (gfn-H +19fn

=5 fn_1+ fa—2) + O(R°) (15.22)

00000000000000000000000
000 fos1 O f(@ns1,yne) 000000000
0y 0000000000 (implicit) 0000
00000000000000000000000
00000000000000000000000
00000000000-00000000

h
P: y;+1 =Yn + ﬂ(55fn - 59fn71

+37fn—2 = 9fn-3) (15.23)
E: for = f(@ns1,Yn41) (15.24)
C i =y + 50 (0501 + 197,

~5fn-1+ fn-2) (15.25)
E: fot1=f(®nt1,¥ni1) (15.26)

POOOO (predictor)DC OO OO (corrector)dE
000000 (evaluation) 0D OO0O00O0O0ODO
ddddddo-oobobooooooooooon
ooooody, 00000000000 vy, 0
ooo f,moooo f, 000o00ooooo
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00-0000000000 y,., 00000000
00000000000000000 f,y 000
ooooo
00000000000000000 (15.24)0
(1525) 000000000000000000
000000000000000000000
P(EC)(EC)---E00000000O0O0DO0-000
000 (1523)000 (1526) 000000000
00000000 PECEODOOOOOOOOOO
00000000000000000000

oooon DDDDy(:L‘)DDxDDDCE-‘rHD
O000o0o0oooooobooooooooonono
oooooooo
H
= h:—
20 = y(x) n
21 =20+ hf(x, 20)
Zm41 = Zm—1 + 2hf(z +mh, zp) (15.27)
m=1,2,---,n—1
1
y(x—i—H) = Yp = i[zn"'znfl"’hf(x“'H?Zn)]

ooooaADDOOODD ROOOOOOOOOOO
00 y(zx+H)OODOOO HOOOOOO AOOO
00000000000o0oO (151) 00000

dy(x) ylx+h)—y(x—nh) 2

_ O(h
dz 5 +0(h%)
godoooooooobooooogno
00000 2000000000H000000

gooooooo

yn — Yz + H) = Z cih® (15.28)
i=1

o000 ArO0D00OO0DOO0ODOODOOODOODO

oooooooboobooboobooboobooboonog

gogboooboobooooboboooboon

goooobbboboooooooooo n O

000000 goe 0 OO

4Yn — Yny2
3

000000000 A O000000nO 2000

gboodbooooboobobobobooooonDog

oboobobobOoboboboobobobog

000 FO00bOoooobooboboobooobo

ooboooooooooo AObODOOOODO
goboooooobooobboooboooooo
0000ooo f(e,y) Dy OOOOOOOOOO
goooooooooooooooogo AhboOo
gbooooboooobobooonod »nOd

n=24,68, -

gobooobooooobooobboobobodnO
00000000 A 0000000000000
O0AR?=000000000000000000
o00oo0o0oooooopooooOooDoD ss00O
goboooboooboooboboobooobooo
obooooooboooooooon

Implicit Real*8 (a-h,0-2z)
Dimension x(50),y(50)
x0 =0
yo =1
yp0 = £(x0,y0)
Do nn=1,10
n = nnx2
h = (xn-x0)/n
x(nn) = h*h
h2 = hx2

zl = y0
z2 = z1+h*xypO0
Do m=1, n-1
z0 = z1
zl = z2
z2 = z0+h2*f (x0+m*h,z1)
Enddo
y(an) = (z2+zl+h*f(xn,z2))/2
If( nn.gt.1 ) then
Do i=nn-1,1,-1
y(1) = y(E+D)+(y(E+1)-y(i))
* *(x(nn)/ (x(i)-x(nn)))
Enddo
Endif
Write(6,6) n,(y(i),i=1,nn)
6 Format(i5,1p5e18.10/(5x,1p5e18.10))
Enddo
Stop
End
Function f(x,y)
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Realx*8 f,x,y
f=-xx*xy
Return

End

ooboooobooooooooooooboooon

obooobooooooooon

Yoy w0 =1
0 H=1000100000000000000
Do i=nn-1,1,-1000000000000O000OO
000000000000 000O0o0oooogy()
OpP=0000000000000000000
goooo

—xy

ooooo
y(1) = e /2 = 0.606530659712 - - -

gbobobobooooooobobogoobonDog
goooo

n y(1) Yn RKG

2 0.6250 0.6250 0.606494

4 0.6035156 0.60888 0.606531

6 0.6065243 0.60738 0.606531

8 0.6065285 0.606975  0.6065308
10 0.606530639 0.606803  0.60653072
12 0.60653065892 0.606716  0.60653069
14 0.60653065970 0.6066649  0.606530678
16 0.60653065971 0.6066325 0.606530670

y(1) 00D 0000000000000y, O (15.27)
uoboobooobooobooooobooobooo
OO0 ARO0000-00D0-00002=100000
00 (RKG)DOODODODOOOODO0OO0OO0O n=14
goboobobo ooooboooboobboonbobg

oooobooooooooooooooooooon
y, 0000000000000 y(1)ODoOoooo
obooooobooooooo

ogoooooono 200000000000 10
gdooodbooboboboboooooooooa
gd

d?y

E:f(z,y)

y(@o) =wo ¥'(z0) =1

(15.29)

0000000 ¢(x) =dy(z)/dy0000000
00000000000000000000000
2000000000

Py(x)  yle+h) = 2y(x) +y(z — h) 5
dz?2 h? +O(R)

gobobooobooboooon

1

20 =1Yo 21 Zyo+h[y6+§hf(xo,yo)]
Zm41 — 22m + Zm—1 = B* f(zo + mh, z,)

m=1,2,---,n—1 (15.30)
Yn = Zn

1

yn:E(Zm_zm—1)+§hf($0+Hazn)
yn O y(zo+H) OO0y, 0 2o+ HO0000 100
g0o0o0oooooo0 2000000000000
00 An=zm41 — 2, 000001000000
goooooooooooooooobooooooo

Aozh[y6+%hf($(17y0)] z1 =Y+ Do
A = A1 + W2 f(xo +mh, 2,,)
Zm+1 = Zm + Am (15.31)
m=12,---,n—1
0000000 ¢ 0000 (15.28) 00000
gdooobobooooouoooooooobooa
goobooooooooood
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16 U0OOOoOoOoood

000000000 000000000000
00000000000000000 30000
O000000000000000000 300
O0y=22+c¢c(000)022-9y*>=¢(000)0
»?+y?’=c¢(00)00000000
0000000 100000000

ou 0%u

E:D@ (16.1)
O0ooO0poOOod0ooOooooOoooOoOoooon
000000 ¢, 00000000 u(x,te) 0000
gbddobodoooboooobuoouooobod
0000000000 w(z,t)OODDOOOOOO
0000000000 (16.1)00oooOoooood
goooooooo

ugbooaboadgogaood

Pu 0%

o2~ o
bobOdcO0OO0ODO0OO0OOO0OOCDOOODO00n ¢
0000 ule,t) 0000000 8u/dt 0000
oobooooobooooooobobooobooboooo
(l62)00000000O0DOO

gbooobooboooooboooooao

(16.2)

0%y 0%u

2 o2 p(z,y) (16.3)

gooboooooooboooooooobooooooo
(r,y) 0ODOOODOOOOOOOOOOOOOOO
goboooobooooboooboooboobooooo
000000000000 000000 w(x,y) 00
gbooboooocoooboobOoboboooooog
ooooboooobooooooboooobooo
goooboooooobooog

00000 00002000000 Az0000
000000000000 At000000000
0000 w(z,t)000

uj = u(jAx,nAt) 0<j<J

oooooooooooooooon uwy, w700
oo0oO0oO0oO0oOoOoO0O0OO0OOoOOoOoOoO (1e)Od
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